Ratchets are simple mechanical devices which combine spatial asymmetry and nonequilibrium to produce counterintuitive transport of particles. The operation and properties of linear ratchets have already been extensively explored. However, very little is known about circular granular ratchets, startling devices able to convert vertical vibrations into rotations of the device. Here, we report results of systematic numerical investigations of the operational characteristics of circular granular ratchets. Several distinct behaviors are identified and explained in terms of the inner flow fields of the ratchet. All dynamical regimes found are robust and should not be difficult to observe in laboratory experiments.
A curious and counterintuitive phenomenon observed in systems in nonequilibrium and with spatial asymmetry is a net transport of macroscopic particles. Such transport is easily seen when particles are subjected to a spatially asymmetric potential (e.g. a saw-tooth potential) combined with a driving force whose temporal average vanishes (e.g. under sinusoidal tilting or stochastic noise). This transport phenomenon is called ratchet effect and the systems displaying it are called ratchets [1] [2] [3] [4] [5] [6] [7] [8] [9] . Ratchets operate in two basic geometrical configurations, linear or circular. Transport phenomena in linear ratchets have been extensively investigated and have a well-documented history stretching over more than a century [10] [11] [12] . Linear ratchets were studied at a classical and quantum level, and both from theoretical and experimental points of view [1] [2] [3] [4] 13 . In contrast, circular ratchets 14 have not yet been studied in detail. Figure 1 illustrates schematically the circular ratchet that we study here. Such a ratchet is easily obtained by bending the extremities of the familiar linear saw-tooth ratchet such as to form a circle. As demonstrated experimentally, the circular ratchet has the striking ability of converting the chaotic, unordered motion of the particles into directed rotation. The dynamical behavior of circular ratchets is very rich, being sensitive to several physical conditions and control parameters.
The purpose of the present paper is to report results of systematic numerical simulations of the dynamical behavior of a circular ratchet and to study its behavior on the parameters of driving and the internal states assumed by the granular material due to these parameters. A difficulty faced in laboratory experiments is the need of adjusting materials and physical dimensions when sweeping extended parameter intervals. Such variations are more easily implemented and explored in simulations, which can efficiently reveal general trends and appropriate parameter intervals to perform experiments. This is our major motivation for the present study. Figure 1 shows the circular ratchet investigated here, together with its geometrical characteristics. It consists of a dented circle of external radius r containing viscoelastic, frictionless spherical particles. We consider a two dimensional simulation where the motion of the particles is restricted to the plane defined by the dented circle. Only to compute the moment of inertia of the ratchet device, we consider the geometry indicated by the cutaway view in Fig. 1b . Each tooth of the ratchet extends over an angle α. The symmetry of every individual tooth is controlled by the angle α 1 . We consider α 1 ∈ [0, α] where α 1 = α/2 corresponds to symmetric teeth. The axis of the ratchet is vibrated periodically in the vertical direction with the time dependent displacement asin(ωt), as indicated. Gravity points downwards along the vertical direction. To initialize the system, the particles are placed at the center of the ratchet from where they are released to fall down, under the action of gravity, to form a packing at the bottom of the ratchet. Before the sinusoidal driving is activated, we enforce a suitable equilibration phase during which the particles dissipate their kinetic energy completely. Further details of the setup and the simulation method can be found in Sec. Methods. A movie illustrating the dynamics of the system can be found at www.mss.cbi.fau.de/sup/ratchet_dynamics.mp4.
Circular ratchet

Dynamics of the circular ratchet
When vibrated, the circular ratchet displays several dynamical regimes. One of the simplest possible ones is a steady rotation, positive or negative as illustrated in Fig. 2 . The rotation speed depends on the teeth asymmetry, represented by the ratio γ ≡ α 1 /α. In the simulation shown in Fig. 2 we used α 1 /α = 0. As seen from the figure, the rotation angle φ essentially follows a straight line, whose inclination gives the speed of rotation. By varying the ratio α 1 /α one may tune the magnitude and the sign of the speed. This is illustrated in Fig. 3 .
The fact that the circular ratchet starts to rotate when vibrated shows that the particles inside the ratchet exert a net torque on it. To measure this torque we vibrate the ratchet but lock its rotational degree of freedom. This means that only a one-way coupling between the particles and the ratchet device is considered: While the dynamics of the ratchet influences the dynamics of the particles, the particles are not allowed to influence the motion of the ratchet, preventing it from rotating. In other words, the ratchet is mounted in a way that does not allow rotation.
In Fig. 4 the torque exerted by the particles is measured as a function of the rotation angle (i.e. the orientation) of the ratchet for a given tooth profile. Surprisingly, Fig. 4 shows that the torque does not depend on the orientation (the rotation angle) of the ratchet. Especially, it points in the same direction for all orientations of the ratchet and, thus, makes it rotate. More important, the fact that the torque does not depend noticeable on the orientation of the ratchet teeth up to statistical fluctuations, highlights that the ratchet rotation is not an artifact due to unavoidable asymmetries in the initial condition. The constant driving torque measured for the rotationally locked ratchet suggests, that the freely rotating ratchet would accelerate continuously. However, what one observes is that, after a transient, the ratchet rotates with a constant angular speed. This implies the presence of a second torque, counteracting the driving torque.
To determine the torque limiting the angular velocity we vibrate it as before, but additionally enforce rotation at a given angular velocity. Using the forces from the DEM simulations we then measure the torque exerted by the particles on the ratchet. Figure 5 shows this total torque as a function of the angular velocity imposed on the ratchet. This torque contains the constant driving torque (see Fig. 4 ) together with the decelerating torque and depends linearly on the angular velocity of the ratchet. We conjecture that the vibrated but freely rotating ratchet assumes the angular velocity, where the driving and the decelerating torques are in balance and the total torque, hence, vanishes. Figure 5 corroborates this conjecture and shows that the overall torque vanishes (dashed lines) to good accuracy at the angular velocity of the freely rotating ratchet (dotted line, see further Fig. 2 ). The decelerating torque results from the fact that once the ratchet rotates, the (dissipative) particles inside it will be dragged along and lifted up by the rough wall. This transport mechanism is limited by the angle of repose and causes, a certain decelerating torque on the ratchet. Figure 5 implies that this decelerating torque is proportional to the rotation velocity of the ratchet. The dynamics of the ratchet are, therefore, governed by the equation of motion
where I = 0.0012 kgm 2 is the moment of inertia of the rotatable dented cylinder. M ≈ 1.09 ⋅ 10 −4 Nm is the driving torque resulting from the interaction between the particles and the vibrated dented cylinder (see Fig. 4 ). In the stationary state the ratchet rotates with a constant angular velocity of φ ≈ − .
 0 56rad/s s . In this case Eq. 1 simpli- 
Equation 1 further suggests, that the equilibrium between the driving and the decelerating torque is robust against perturbations. If the freely rotating ratchet is forced to rotate with a velocity higher φ φ
than its equilibrium velocity φ  s , it will return to the latter in both cases according to Eq. 2. Figure 6 illustrates this behavior.
So far we studied the ratchet for driving parameters which allow for a certain excitation of the particles but operating in a situation where gravity limits their motion to the bottom of the ratchet (see e.g. Fig. 7(a) ). By significantly changing the driving parameters (amplitude and frequency) we, of course, expect different dynamic regimes.
First, we vary the driving frequency ω and measure the rotation angle φ. Figure 8 shows φ as a function of time for five driving frequencies. As seen from this figure, for ω − ⪆ 400s 1 , the rotation angle φ(t) may no longer be well-fitted by a straight line, implying that the ratchet rotation speed is not constant. In fact, the rotation speed gets larger and larger, indicating that in the fluidized regime, for high driving frequencies, the decelerating mechanisms break down gradually. The remaining (now dominating) driving torques accelerate the rotation of the ratchet. Measuring the average rotation speed is, of course, meaningless in this regime. For this reason, in Fig. 9 , we plot the acceleration of the rotation angle, φ̈t ( ). In this figure, the dashed vertical line at ω ≈ 400 s −1 clearly Figure 5 . Time-averaged torque on a vibrated and externally rotated ratchet; The solid line shows a linear regression to the simulation data (squares). The dotted line indicates the rotation speed of the corresponding vibrated but freely rotating ratchet (see Fig. 1 ). The dashed lines highlight the stationary state where driving and breaking torques are in balance. 1 gravity dominates, leading to the sediment-like pattern shown in Fig. 7(a) . For higher driving frequencies, the granulate enters a fluidized gaseous state as shown in Fig. 7(b) and (c). Figure 10 (lower panel) further shows that the driving frequency at which the decelerating mechanisms and, thus, the stationary state breaks down, is shifted to smaller values as the magnitude of gravity is decreased. This is expected as a granulate in the presence of gravity g which is vibrated sinusoidally in vertical direction with the amplitude a and frequency ω enters the gas-like fluidized state once the dimensionless shaking acceleration Γ = aω 2 / g exceeds a certain system specific value which is typically sharply larger than one 15 . Under conditions of weightlessness there is no such transition between a fluidized and a sediment-like regime and, thus, no stationary state in which the ratchet rotates at constant angular velocity. Instead, the acceleration of the rotation is always finite and decreases continuously as the vibration frequency is reduced (see upper panel of Fig. 10 ).
In the next experiment, the average rotation speed is measured when the driving amplitude is varied at constant frequency. The result is shown in Fig. 11 . The complicated structure of the curve can be understood by investigating the corresponding flow fields (see Fig. 12 ) which reveal at least three characteristic dynamical regimes. Note that the driving amplitudes indicated are measured in units of particle diameters, = A a d / . Starting from small amplitudes, we observe two convection rolls which almost degenerate to a single convection roll at the first maximum of the average rotation speed φ  at A ≈ 1.1. As indicated by the density fields in Fig. 12 , gravity dominates in this regime and concentrates the particles into the lower part of the ratchet. For higher amplitudes, the convection rolls become less prominent and the influence of gravity decreases. Starting from the minimum of the φ  A ( ) curve at A ≈ 1.88, the material begins to slosh back and forth between the ratchet bottom and the top. This sloshing motion is characterized by four convection rolls which drive the ratchet effectively, leading to the second maximum in φ  A ( ) at A ≈ 3.4. For yet higher amplitudes (A > 4.3) the sloshing motion becomes unstable. Eventually, the whole material collapses and sticks to the (rough) wall resulting in a constant rotation velocity corresponding to the driving frequency (  .
A 4 6). 
Conclusions and outlook
We performed a systematic numerical study of the dynamical characteristics of a circular ratchet whose teeth may be continuously tuned to impart negative and positive angular velocities to the ratchet. We described the interplay of two counteracting torques underlying the circular ratchet operation and performance. Circular ratchets display three different dynamical regimes, imposed by the external periodic drive, that we refer to as low-frequency excited regime, the intermediate transitional regime, and the fluidized high-frequency regime. We also found two marked distinct behaviors of the acceleration of the rotation angle at high driving frequencies. Initially, for lower frequencies, we find gravity to dominate the dynamics while beyond a certain threshold the granulate enters a fluidized state, occupying the whole space available, not just the bottom of the ratchet, as is the case when gravity dominates. Keeping the driving frequency constant, we also investigated what happens with the ratchet when the amplitude of the drive is varied. In this case the rotation velocity displays a complex pattern which, however, may Figure 12 . From left to right and bottom to top: fields of density and vectorial velocity for increasing driving amplitudes. Note that the amplitudes indicated in the subcaptions are measured in units of particle diameters (A = a/d) and that the density fields in the background are normalized to the maximum density. Panel (j) shows the color scheme used to visualize the fields of density. The length of the arrows indicating the velocities is scaled in a way that the individual arrows just do not overlap for each image to improve visibility.
be understood in terms of the flow fields present in the ratchet. All the aforementioned regimes were found to be robust and reproducible. In summary, as it is clear from our analysis, circular ratchets involve a number of parameters that still remain to be explored. However, we hope that the complexity of the dynamical regimes found may motivate further exploration of this interesting device.
Methods
Here we describe the numerical methods used in this work. When not specified otherwise, the parameters indicated in Table 1 have been used. We wish to mention that the described dynamical regimes are not an artifact of the chosen parameters. Qualitatively similar behavior can be found for other geometries, different number of particles, other materials and driving parameters. Similarly, the described results do not depend on the details of the short range repulsive particle-particle interaction assumed for the simulations, as only the transfer of momentum between the particles and the dented cylinder is relevant. For instance ideal hard spheres would lead to qualitatively similar results. Especially friction between particles does not influence the results qualitatively and was, therefore, neglected in the simulations.
Discrete element method (DEM).
The dynamics of the circular ratchet shown in Fig. 1 was simulated using the discrete element method (DEM). DEM is a well-known method used for the numerical simulation of systems consisting of many solid macroscopic objects. The dynamics of these objects are described by classical mechanics: If all acting forces are known, the temporal evolution of the system may be described by Newton's equations of motion. In general each of the objects has three translational and three rotational degrees of freedom. The dynamics of a system of n macroscopic solid objects are, therefore, governed by 6n coupled ordinary differential equations (ODEs). The simulation method corresponding to the solution of this system of ODEs is often referred to as DEM. This method dates back to works by Rahman and Verlet 16, 17 , where it has been used to study the physics of simple fluids. Subsequently, motivated by other applications [18] [19] [20] [21] , the method was later adapted to deal with granular systems. A comprehensive survey of the method can be found in e.g. 22 . Due to its historic origin, DEM is also often referred to as (force-based) molecular dynamics (MD).
Particle-particle-interaction. The particles inside the circular ratchet are modeled as frictionless viscoelastic spheres. Further we consider a two dimensional simulation where the motion of the particles is restricted to the plane defined by the dented circle (see Fig. 1 ). The contact between two frictionless viscoelastic spheres i and j with radii R i and R j located at positions → r i and → r j is described by the interaction force 
where Y, ν and R eff denote the Young's modulus, the Poisson's ratio and the effective radius R eff = R i R j /(R i + R j ), respectively. ξ is defined as the mutual compression of two particles in contact. The elastic part F el of this widely used collision model [23] [24] [25] is given by the familiar Hertz contact force 26 . The dissipative part, F dis , was first motivated in ref. 27 and then rigorously derived in refs 28, 29 Note that only the approach in ref. 28 leads to an analytic Table 1 . Default simulation parameters. Note that the specified dissipative parameter A dis for the interaction of two particles corresponds to the coefficient of restitution ε = 0.75 for the impact velocity 3m/s. expression for the parameter A dis as a function of the elastic and viscous material parameters. Equation 3 is then used to compute the forces acting on the particles which are, in turn, needed to solve Newton's equations of motion.
Particle-wall interaction. The particle-wall interaction is modeled similar to the particle-particle interaction. When a particle impacts the wall (the dented cylinder), we consider a virtual particle which is located such that the contact point between the virtual and the physical particle is located exactly at the position where the physical particle impacts the wall. The material parameters and the radius of the virtual particle is chosen identical to the physical particles and the interaction force between the physical and the virtual particles is then computed according to the interaction force, Eq. 3. Because there is no model for the interaction force between a viscoelastic sphere and a sharp edge, we do not consider a sharp edged sawtooth profile (dashed line in Fig. 1 ).
Instead we smoothen the wall of the ratchet by sweeping a sphere (diameter d) along the sharp edged saw teeth, resulting in the ratchet profile shown in Fig. 1 . The dented cylinder is mounted in a way such that it can only rotate around its axis of symmetry and such that translation is only possible in the vertical direction. Vertical sinusoidal driving is then used to excite this remaining translational degree of freedom. The interaction i.e. the contact between the dented cylinder and a particle hence causes a torque which excites the remaining rotational degree of freedom of the ratchet. The two circular plates of thickness d w which enclose the dented cylinder as shown in Fig. 1 would be relevant to confine the particles in the corresponding physical experiment as discussed in 14 . For the 2D simulations presented in this work, they are not explicitly relevant. They are only considered to compute the mass and the moment of inertia of the ratchet device, where the material parameters indicated in Table 1 are used.
Video. The video mentioned in the text is available at www.mss.cbi.fau.de/sup/ratchet_dynamics.mp4.
